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Abstract

For long bunchestrailing edgemulti-pactingcauseshe
electronclouddensityatthetrailing edgeof thebunchto be
significantlylargerthanthe cloud densityduring the early
andcentralportionsof the bunch. The effective wakefield
is modeledand comparedwith handestimates.Instabilty
simulations,which include the effect of nonlinearspace
chage,aredescribed.

INTRODUCTION

Fastelectroncloud instabilitieshave beenobvsenedin
the Los Alamos PSR[1, 2, 3, 4, 5, 6] and may be prob-
lematicfor the Oak Ridge SNSI5, 6]. For boththesema-
chinesthe trans\erseelectronoscillation period is much
lessthanthe bunchlength. The electronmotionis nearly
adiabaticandthe electrondensitycanstronglyincreaseas
the tail of the bunchpasses.This is illustratedin Fig. 1,
which shavs CSEC[6] simulationresultsfor thePSR.The
secondaryemissionparameter®f the stainlesssteelwall
agreewell with themodelin [7]. It is likely thatsignificant
wall conditioningwould be neededeforethe PSR could
reacha bunchintensity of 8 uC, but the authorknows of
no detaileddataundersuchconditionsandit seemednore
reasonabléo adopta well definedstate. In ary case,the
purposeof the presentpaperis to describecomputational
techniques.
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Figure1: CSECsimulationsfor a high intensity PSRwith
anunscrubbedtainlesssteelbeampipe.
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ELECTRON CLOUD WAKEFIELDS

Considera protonbunchwith line density\, andradius
ap, interactingwith anelectroncloudwith line density— A,
andradiusa.. Assumeboth cloudshave uniform density
andare centerecdhorizontallywith z = 0. Lety, andy,
bethe vertical offsetsof the electronandprotoncentroids,
respectiely. Then,thenetforce perunitlengthonthepro-
tonsis
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where—). ; is theline chaige densityof electronswithin
thebeamandF, is thenetforceperunitlengthontheelec-
trons.

Theelectronshave smalllongitudinalvelocities,socon-
siderasinglelongitudinalslice. Definethetime dependent
electronbouncefrequeng

Ap(t
W) = 22l
27reomeap

wherel,(t) = Bc),(t) is theinstantaneouprotoncurrent
throughthe slice. The equationof motion for the electron
centroidis

d2ye _ 2

5 = W (0)[yp(t) — vel. (4)

dt
The averageelectricfield on the protonsdueto the elec-
tronsis
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Ec(t) = Fp/Ap = (Ye — Yp)- (5)
Equation(5) will bereferredto asthe “full” modelof the
electronforce. The “central” model of the force corre-
sponddo replacing), ;(t) with thethevalueof X ; in the
centerof the bunch. The centralmodelneglectsthe flash
onthetail.

Thereareseveralapproximationsnvolvedin thederiva-
tion of equation(5) andit is prudentto checkits accurag.
Toward this end CSECwasmodifiedto allow for a nearly
cylindrically symmetricelectroncloud (NCSEC).Thepro-
ton beamwastakento beround,but with atime dependent
verticaloffset,y,(¢). Within theroundbeampipe of radius
b theelectricfield dueto the protonsis
Ap(t)

(zy2, yy2 — b*yp)
2y + (yyp — b)?
(6)

Ep (t) = 27eo

GO(xiy - yp) -



The codeallows for uniform proton density profiles with
Go(z,y) = (z,y)/ max(a2,z* + y*), andsmoothproton
profileswith Go(z,y) = (z,y)/ (a2 + 2* + y?).

It is assumedhaty, is smallenoughsothattheelectron
densitycanbe approximatedit eachtime stepas

(7)

wherer? = z2 4 y? andd = 0 for aparticleonthepositive
y axis. The particleswere binnedonto a radial grid with
M ~ 200 meshpoints. Definethetrianglefunction

pe(x,y) = po(r,t) + p1(r,t) cos(f),

1- |$|7

T(z) = { 0,

Thefirst stepwasto loop overthe N electronmacroparti-
clesinterpolatingonto the radial grid. This producedthe
arrays

lz| <1

1<z ~ (®)

N
Ao(m) =Y qiT(m — Mry,/b)
k=0
and N
Ar(m) =Y gy T(m — Mry,/b),
k=0

wheregqy, is the chage per unit length of the kth electron
macroparticle. Theforcedueto Aq(m) is the sameasfor
CSEC.For A; (m) thepotentialdueto theelectronss given
by
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wherer,, = mb/M. The wake force on the protonswas
obtainedby averaging—V®, = E.(z,y) over a disk of
radiusa,. NCSECresultsfor a uniform densitybeamare
shawvn in Figures2 through4. Correspondindiguresfor a
smoothdistribution areshavn in figuresb through?.
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Figure2: protonandelectronline densitywithin a uniform
beanmfor 9turnsof PSR.Theprotonbeamhada2cmradius
anduniformtrans\ersedensity
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Figure 3: NCSECsimulationsfor PSR.The protonbunch
was offsetby 2mm for 0.5nsstartingat 200ns. Valuesof

Ap = deny, and A ; = den, for 9 turnsareshavn. Also

shavn aretheaveragerans\ersefield from thesimulations
andthetwo analyticmodels.
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Figure4: NCSECsimulationsfor PSR.The protonbunch
wasoffsetby 2mmfor 0.5nsstartingat 240ns.

First considerthe uniform trarverseprofile. The den-
sitiesfor 9 consectutie turnsare overplottedin Figure 2.
This givesanindicationof thestatisticalaccuray. Figure3
shavstheline densitiesaswell asthe simulatedvakefields
andthe two models. The electronoscillation was started
by offsettingthe protonbeamby 2mmfor 0.5nanoseconds
startingat200ns.Thesimulationresultslie somavherebe-
tweenthe full andcentralmodels. Figure4 shaws results
whentheoffsetbeginsat 240ns.

Next considerFigures5 through7. Thevalueof a, =
1.2 cm waschosersothatthe potentialdifferencebetween
the centerof the pipe andthe pipe wall werethe samefor
the two cases. The electrondensitiesshavn in figure 5
arecloseto thosein Figure2, but the wakefieldsarequite
different.Figure6 shavs only thecentralmodelsinceeven
it overestimatethe wakefield. Both the modelsareshovn
in Figure7 but the centralmodelis no worsethanthe full
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Figure5: protonandelectronline densitywithin thebeam
for 9 turns of PSR. The trans\erseproton beamdensity
scaledas(1 + (r/1.2 cm)?)~4.
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Figure 6: NCSEC simulationsfor PSR correspondingo
Figure5. The protonbunchwasoffsetby 2mmfor 0.5ns
startingat 200ns. The averagetrans\ersefield from the
simulationsandthe centralanalyticmodelareshown.

model.In theactualPSRthebeamhasa smoothtranserse
profile soFiguresb through7 shav theappropriateegime.

Thesimulationsshowvn in Figures2 through7 took about
10 minutesper turn for a single electroncloud slice. For
aninstability simulationoneneedso apply electroncloud
kicks about 10 times per betatronperiod to accurately
model the detuningwith betatronamplitude,and at least
100 periodsneedto be modeledto seetheinstability. It is
notclearwhetherthenoiselevelsin Figures4 and7 aresuf-
ficently low to remove spuriousgrowth. With thesethings
in mindtheauthorchoseto adopta simplewakefieldmodel
for instability simulations.The centralmodelappeargo fit
the PSRbest,andthis modelwill be usedfor therestof the
note.

The timelike variable for the protonsis azimuthf =
s/ R, wheres is the longitudinal Serret-Frenetoordinate
and R is the averageradiusof the acceleratar The time-
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Figure 7: NCSEC simulationsfor PSR correspondingo
Figure5. The protonbunchwasoffsetby 2mm for 0.5ns
startingat 240ns. The averagetrans\ersefield from the
simulationsandthetwo analyticmodelsareshown.

like coordinatefor the electronds time asmeasuredn the
lab framet. The electroncloud will be approximatedoy
slices,and the § coordinatesof the slices are uniformly
spacedaroundthering. The lattice functionsfor the pro-
tonbeamandhencehebeamdrans\ersedimensionsyary
with azimuth. Many sliceswould be requiredto faithfully
model the variationin electronbouncefrequeng due to
the beamsizevariations.Instead a dampingfactorwill be
introducednto the electronequationof motion.

We (t) dye
Qe dt~
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For thePSRandSNSonefinds @, ~ 3.

SPACE CHARGE AND OTHER
DYNAMICAL CONCERNS

With equation(10) and assuminguniform focusingthe
verticalequationof motionfor the protonsis

2y,

dé?

= _nglyp + Q?;(ye —yp) + Fsc,y(xay; 0,t), (11)

where @, is the vertical tune (chromaticityis easyto in-

clude),
Q2 _ e)\e,i
P 9 2 2
TEQWHYMply,

measureshestrengthof theelectroncloud,andF. , is the
verticalcomponenbf the spacechageforce. For horizon-
tal motion the term proportionalto Q2 is absent.Previous
work [6, 8] assumedhatthe spacechageforcewaslinear
in the trans\erseoffset. The PSRhasa smoothtrans\erse
profile so somevariationin spacechage tune shift with
betatronamplitudeis present. One optionis to do a full
solution of the two dimensionalPoissonequation[9, 10]



with mary longitudinal slicesalong the bunch. This ap-
pearsto be computationallydifficult andthe authoris not
aware of arny, published bunchedbeamsimulationsusing
thisapproachA simplermodelwill beadopted.

Let theparticlescrossthereferenceazimuthwith offsets
xy andy;, attimest. Thedirectspacechagekick at co-
ordinatesr, y, t is approximateds

Fsc($;y7t) = (61';671) Z U(m —Tm,Y — ym;t - tm);

(12)
wherethetwo particleGreensfunctionis

U(z,y,t) = S(t) cos(kx) cos(ky)/k>. (13)

The parameterk controls the nonlinearity of the space
chage force and S(¢) controlsthe size and longitudinal
smoothindengthof thespacechageforce. Thefirst stepin

thealgorithmis to generatea uniformmeshin ¢. Themesh
spacing At, is aroundentimessmallerthanthesmoothing
appliedlater Next generatehefour arrays

See(n) = Z co8(kz,) cos(kym )T (n — tm/AL),
Ses(n) = Z cos(kzm) sin(kym )T (n — tm/AL),
Sse(n) = z sin(kzy, ) cos(kym)T (n — tm/At),

Sss(n) = Z sin(kzy, ) sin(kym, )T (n — t,/At).

Eachof thesearraysis smoothedisingtwo applicationsof
a corvolution with exp(—4|t|/7s), wherer; is the equiv-
alentlengthof the final smoothingfunction. This is done
using an algorithm whoseoperationcount scaleslinearly
with the numberof meshpoints. Finally, the sumrulesfor
sinusoidsis usedto apply the force in an algorithm that
scaleslinearly with the numberof macroparticles. The
trans\ersesingle particle dynamicsis handledusing ma-
tricies wherethe phaseadvancecan be a function of the
betatronamplitude (octupolardetuning)and the momen-
tum offset (chromaticity). The longitudinalmotionis up-
datedusinga linearizedRF force. NonlinearRF hasbeen
includedbut no runs producedary qualitative effectsfor
the PSRparameteregime.

To obtaintheinitial coordinate®nedefinesa longitudi-
nal dimensionN,. Next createthe setof orderpairsof half
integers

{(m+1/2,n+1/2): (m+1/2)* + (n+1/2)* < N}}.

Thisis auniformly spacedsetof lattice pointson the plane
which lie within a circle of radiusN,. An orderingis im-
posed(actually assignediuring creation)andthe normal-

izedcoordinate = (m+1/2,n+1/2)/N, aregenerated.

A smoothlongitudinalprofile is obtainedby the mapping

(7,7 ) = Ty [1 = (1= [x[2) /04,

3] (14)

sothattheline densityis proportionalto
(1 — 48> /rp /2,

While this assignmenlimits the possibldongitudinalpro-
files, is greatlysuppressestartupfluctuations.

To generatetrans\erse coordinatesstart by finding
four uniform deviates within the unit 4-sphere,x =
(r1,72,73,74). Normalizedbetatroncoordinatesare ob-
tainedusing (14) with ¢ = 2 andr, replaceby 2a,. In
termsof thetwo trans\erseactions.J, andJ,, with 0 < J,
0 < Jy,andJ, + J, < 1; theVlasor densityis

1-(1-J, -
Iz + Jy
~ 31— J, = Jy)°.

Ty)°

F(Jz, Jy) o« 1= Jp = Jy)?

The two dimensionalchage densityis smoothand fairly
well approximatedy (a2 — 2% — y?)*, with 22 + y* < a?.

PRELIMINARY RESULTS
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Figure 8: Normalizedtune distributionsfrom the simula-
tionsandfor aroundGaussiabeam.The Gaussianmesults
wereobtainedusingfirst orderpertubatiortheorywith the
integralscomputechumerically

Figure8 shavnsthe normalizedspacechage tune shift
distribution with ka, = 2.4 for arectangulabunch (u =
—1/2), andcomparest with theresultsfor a roundGaus-
sianbeamwith the exact Coulombforce. Whenviewedin
this way the distributions are fairly similar andthe value
k = 2.4/a, will beadopted.Figure9 shavs a scattermplot
of vertical tune versuslongitudinal position for the PSR.
The peaktune shift is somevhat larger thanhasbeenre-
portedpreviously [11], but is not absurd.Figure10 showvs
a scatterplot of the vertical position alongthe bunchfor
the PSRjust beyondthresholdafter 1000turns. Figure11
shavs the evolution of the coherentctionfor the samepa-
rameters. Also shovn are simulationsusing linear space
chage with the sameaveragetune shift, and resultswith
direct spacechage turnedoff. Spacechage destabilizes
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Figure 9: Scatterplot of betatrontune with longitudinal
positionfrom the simulations.
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Figure10: Scatterplot of vertical versuslongitudinal po-
sition for a PSRbeamjust beyond thresholdcurrentand
evolvedover 1000turns.

the beamand nonlinearspacechage is lessdestabilizing
thanlinearspacechage.

Simulationsfor various parametersare shovn in Fig-
ure12. Noticethatthattheredtracecorrespond 3 x 10'3
protonsandthepink traceto 5 x 102 protonsfor the same
bunchlength. The electrondensityis only 20% higherfor
the casewith 3 x 10%3. Clearly, the value of the electron
densityis critical for estimatingthe threshold. Figure 13
shaws the correspondingsituationfor half the numberof
protonsand half the RF voltage with the sameelectron
densities. Notice that Figure 13 shaws half the turns of
Figure12. Halving thenumberof protonsandthe RF volt-
agewhile keepingthe numberof electronsconstantdesta-
bilizes the beam. Figure 14 shows thresholddatafor the
PSR.Unlessthereis a seriouserrorin the simulations the
linear scalingof thresholdvoltagewith beamintensityis a
coincidenceThatis to say theelectronclouddensitymust
vary appropriatelywith intensityto obtainalinearscaling.
Theweakdependencen bunchlengthalsoappeargo de-
pendon the detailsof theelectroncloud.
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Figurell: Evolution of thecoherentctionfor abeamjust
beyondthresholdwith nonlinearspacechage(red). A sim-
ulationwith linear spacechage andthe sameaveragetune
shift (violet) shawvs a stronginstability, while neglecting
spacechage (blue)yieldsa stablebeam.
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Figure 12: Simulationsfor various valuesof N,(10'3),
Ae (mC/m) and7, (ns). All the simulationsassumeda
20 kV RF voltage.

CONCLUSIONS

The effect of the electronburst from single passmul-
tipacting on the electroncloud wakefield has beenstud-
ied. For beamswith auniformtrans\ersedensitytheactual
wakefieldwasbetweerthe predictionsof two simplemod-
els. For beamswith asmoothtrans\ersedensitythecentral
model,whichassumedconstanelectrorline density pro-
ducedthebestapproximation.The PSRcorrespondso the
secondcase.A simplesimulationtechniqueto includethe
dependencef spacechage tune shift on betatronampli-
tudewasintroduced.The free parametek waschosenso
that the tune distribution for the model agreedfairly well
with the tunedistribution for a round Gaussiarbeam. In-
stability simulationsfor PSRshowved that nonlinearspace
chagewaslessdestabilizingthanlinearspacechage. Ne-
glecting spacechage entirely producedthe most stable
simulations.
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Figure 13: Simulationsfor various valuesof N,(10%),
Ae (nC/m) and7, (ns). Both the simulationsassumedh
10 kV RF voltage.
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Figure 14: Reproducedrom [6](CourtesyR.J. Macek).
ThresholdRF voltageversusheamintensity Thethreshold
RF voltageis the smallestRF voltagefor which the beam
is stable. The historical curve representshe situationbe-
fore thedirect H~ upgradeandthe extendedrun of 2001.
Thresholdcurvesnearthe endof the 2001 runfor injected
bunchlengthsof 200,260,and290nsareshown.
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